Abstract. We present the first example of a polynomial P 10 defining a singular K3 surface Y 10 whose Mahler measure is expressed in terms of the Mahler measure of the faces of its Newton polyhedron and the L-series of the K3-surface.
Introduction
The logarithmic Mahler measure m(P ) of a Laurent polynomial P ∈ C[X ±1 1 , ..., X
±1
n ] is defined by m(P ) := 1 (2πi) n T n log |P (x 1 , ..., x n )| dx 1 x 1 ... dx n x n where T n is the n-torus {(x 1 , ..., x n ) ∈ C n /|x 1 | = ... = |x n | = 1} and has a strange link with Calabi-Yau varieties. Its story can be explained briefly considering the Mahler measure of polynomials
The known results are m(x 0 + x 1 ) = 0, m(x 0 + x 1 + x 2 ) = L ′ (χ −3 , −1) (Smyth) [30] , m(x 0 + x 1 + x 2 + x 3 ) = 7 2π 2 ζ(3) (Smyth) [30] , m(x 0 + x 1 + x 2 + x 3 + x 4 ) conjectured to be related to L ′ (f, −1) where f is a cusp form of weight 3 and conductor 15 (Rodriguez-Villegas) [7] . The cusp form f is equal to f = m,n∈Z q m 2 +mn+4n
2 η(q)η(q 3 )η(q 5 )η(q 15 ).
This conjecture can be verified to a high accuracy [22] and L(f, s) is equal to the L-series of the K3-surface [19] which is the minimal resolution of singularities of the surface in P 4 given by the equations
Finally, m(x 0 + x 1 + x 2 + x 3 + x 4 + x 5 ) is conjectured to be related to L ′ (g, −1) where g is a cusp form of weight 4 and conductor 6 (Rodriguez-Villegas) [7] . It is also verified to a high accuracy and the L-series is equal to the L-series of the Barth-Nieto quintic [31] .
In fact, these two last guesses of Rodriguez-Villegas have been made possible thanks to a deep and intriguing insight of Maillot [15] concerning the Mahler measure of non-reciprocal polynomials i.e. polynomials P (x 1 , . . . , x n ) such that P (1/x 1 , . . . , 1/x n )/P (x 1 , . . . , x n ) is not a monomial. The logarithmic Mahler measure of a polynomial can be interpreted as the integration of a differential form on a variety and when the polynomial is non-reciprocal, the variety in question is an algebraic variety of dimension less than n. Moreover, the expression of the Mahler measure should be encoded in the cohomology of this variety. In the previous examples you may observe that the variety is a curve of genus 0 if n = 2, a product of three planes if n = 3, a K3-surface if n = 4 and the Barth-Nieto quintic if n = 5.
On the opposite side, when the polynomial is reciprocal, Deninger [10] is the pioneer and my result here concerns generalizations of Deninger's result. Note that Rodriguez-Villegas's conjectures require results for reciprocal polynomials. That is for me a strong motivation to compute many examples in that direction.
Let P (x, y) be a polynomial in two variables with integer coefficients. Suppose that P does not vanish on 2-torus T 2 with T 2 = {(x, y) ∈ C 2 / | x |=| y |= 1}. If P is associated to an elliptic curve E, such that the polynomials of the faces P F of P (defined in terms of the Newton polygon of P ) are cyclotomic, the following relation between the logarithmic Mahler measure of P , m(P ), and the L-series of the elliptic curve E m(P )
is conjectured to hold. ( . = means equality up to a rational coefficient and N is the conductor of E [10] [6] [20] [21] ). After Deninger's guess of such explicit formulae [10] , Boyd gave a lot of examples of the same type where the rational coefficient was determined numerically [6] . Then Rodriguez-Villegas proved some formulae when the corresponding elliptic curve E has complex multiplication [20] [21] . His proof uses the expression of the logarithmic Mahler measure of a polynomial in terms of Eisenstein-Kronecker series. For more examples see [3] . Recently Brunault [8] , Lalin and Rogers [14] gave also some proofs of such relations. In a previous paper [5] we proved the analog of these formulae for three particular P of the same family (P k )
These particular P define singular modular K3 hypersurfaces and their Mahler measure is only related to the L-series of the corresponding K3-surface. This paper deals with the polynomial
defining the K3-hypersurface Y 10 . This polynomial belongs to the first family P k of K3 hypersurfaces whose logarithmic Mahler measures have been studied in [4] . As explained in [4] , the derivative of the logarithmic Mahler measure with respect to the parameter is a period of the corresponding K3 hypersurface; thus, only the transcendental lattice is relevant for the Mahler measure. The generic member of the family has Picard number 19. Special members of the family have Picard number 20, thus a 2-dimensional transcendental lattice. The polynomial P 10 is among these special members. The L-series of Y 10 corresponds to just a 2-dimensional piece of the 22-dimensional H 2 of the K3 hypersurface. Since this K3
hypersurface has Picard number 20, this 2-dimensional piece is its transcendental lattice. The difference with the previous examples is the following. For computing the determinant of the Picard lattice, we need a more elaborate desingularization of the singular fibers. For that purpose, we use the Néron's model [17] . But the main difficulty was to find an infinite section. This section is defined over Q( √ −3) and was discovered by Lecacheux [13] . Moreover, the formula giving the Mahler measure of P 10 is more tricky and we use an idea due to Zagier [35] and explained in [4] . This idea led me to discover how to separate in the expression of the Mahler measure, the contribution of the face and the modular part. We are also indebted to Boyd who guessed numerically the following relation between the Mahler measure of two polynomials of the family, I mean P 2 and P 10 m(P 10 ) ? = 2d 3 + 3m(P 2 ).
In fact Boyd remarked that the two moduli τ 10 and τ 2 (defined below in section 2) of the corresponding polynomials P 10 and P 2 belong to the same imaginary quadratic field Q( √ −2). So he suspected a relation between the corresponding Mahler measures. The aim of the paper is to prove the following theorem. Theorem 1. Let Y 10 the K3 hypersurface associated to the polynomial P 10 
where f is the CM -newform of weight 3 and level 8 given in [[23] , 2) Let define as in [5] 
The Mahler measure and the L-series satisfy the equality 
Previous results
Let P k denote the Laurent polynomials
We recall the following theorem [4] .
Theorem 2. Let us write
where η is the Dedekind eta function
(1 − e 2πinτ ) and q = exp 2πiτ .
Then
The Néron's model
We recall the Néron's desingularization only for semi-stable singular fibers. For the other cases we refer to [17] . From now on, we use Néron's notations. The key tool is the following theorem. 
with q, r, u ∈ C[s]. The Weierstrass model E s is given by
with coefficients satisfying
A singular fiber of type I m is composed of non singular rational curves Θ 0 , Θ 1 , ..., Θ m−1 in such a way that (Θ s .Θ t ) ≤ 1 (i.e. Θ s and Θ t have at most one simple intersection point) if s < t and Θ r ∩ Θ s ∩ Θ t is empty for r < s < t. So the divisor of the singular fiber can be written
3.1. The Néron's model. In the Néron's model, the configuration of the fiber I m of E s over s = 0 is performed in the space
Because of valuations, if
. Now if h ≥ 2, in the singular fiber s = 0, we get 
If m = 2h + 1, the last step is like the first one. Finally, keeping track of all these data and denoting like Néron, c 0 = (0 : 0 : 1), a 
So the Néron's model allows us to identify each rational component Θ 0,i of a singular fiber, hence to know which component is cut by a section through the surface or by the exceptional divisor of the desingularization of a double point.
3.2.
Some known facts concerning the L-series of a K3-surface. For definitions concerning K3-surfaces, see for example [4] . Let V be a smooth projective variety of dimension d over a finite field k with q elements. Suppose moreover that V is geometrically irreducible (i.e. irreducible over some algebraic closure of k). Let N n denote the number of points of V in a kextension of degree n. Then, the zeta function attached to V is defined by
By Weil's conjectures (1949), proved by Dwork (1960) and Deligne [see for example [11] ], we know that Z V (T ) is a rational function with coefficients in Q satisfying the functional equation
If V is an algebraic K3-surface defined over Q, then, for almost all primes p, its reduction modulo p is again a K3-surface that we denote V p . Moreover, one can show that Z Vp (T ) is of the form
where P 2 (T ) is a polynomial of degree 22 satisfying P 2 (0) = 1 and such that
where R p (T ) comes from the algebraic cycles with R p (
and Q p (T ) comes from the transcendental cycles. Under some conditions, the H 1,1 part of the Hodge decomposition of H 2 intersected with H 2 (V, Z) has dimension 20. In that case, the K3-surface is singular, that is to say of Picard number ρ = 20 and its transcendental lattice is of rank 2. Hence Q p (T ) is of degree 2 for all primes p not dividing an integer N . The Langlands's philosophy says that one can define the Q p (T ) for p dividing N in such a manner that
be the Dirichlet series of a cusp form. For example [29] , if the affine equation of the surface is given by
the weight of the cusp form is 3 and the level determined by the determinant of the transcendental lattice. In that case, the cusp form is
where ǫ 8 is the character associated to Q( √ −2).
Two results of Shioda.
We refer the reader to Shioda's article [27] but also to [26] , [28] . 1) Let Φ : X → P 1 be an elliptic surface with a section and consider the sections of this elliptic fibration i.e. determined by the rational points of the corresponding elliptic curve defined over the field of rational functions in s. Denote by r(Φ) the rank of the group of sections. Then the Picard number ρ(X) satisfies the equation
where h is the number of singular fibers and m ν the number of irreducible components of the corresponding singular fiber.
2) Let (S, Φ, P 1 ) be an elliptic surface with a section Φ, without exceptional curves of first kind. Denote by N S(S) the group of algebraic equivalence classes of divisors of S. Let u be the generic point of P 1 and Φ −1 (u) = E the elliptic curve defined over
is an abelian group of finite type provided that j(E) is transcendental over C. Let r be the rank of E(K) and s 1 , ..., s r be generators of E(K) modulo torsion. Besides, the torsion group E(K) tors is generated by at most two elements t 1 of order e 1 and t 2 of order e 2 such that 1 ≤ e 2 , e 2 |e 1 and | E(K) tors |= e 1 e 2 . The group E(K) of K-rational points of E is canonically identified with the group of sections of S over P 1 (C). For s ∈ E(K), we denote by (s) the curve image in S of the section corresponding to s. Let us define
Consider now the singular fibers of S over P 1 . We set
Theorem 4. The Néron-Severi group N S(S) of the elliptic surface S is generated by the following divisors
The only relations between these divisors are at most two relations
where ≈ stands for the algebraic equivalence. Proof. To compute the determinant of the transcendental lattice of Y 10 we choose an elliptic fibration to build a Néron model and apply Shioda's results. The proof however involves several lemmas useful later on. The K3-surface Y 10 is a double cover of the Beauville's rational elliptic surface defined by (
Let us recall its singular fibers:
at u = ∞ of type I 6 at u = 0 of type I 3 at u = 1 of type I 2 at u = −8 of type I 1 . Now cutting Y 10 by the hyperplane t = s(x + y + z), you get, after simplification, the corresponding elliptic fibration
Thus, putting u = (s 2 − 10s + 1)/s 2 , we deduce from above, the singular fiber structure of this elliptic fibration of the K3-hypersurface Y 10 :
of type I 1 .
From (4) The double points P 12 , P 13 , P 23 lie in all the singular fibers. The double points P 01 , P 02 , P 03 lie only in the singular fiber above 0. The 4 lines P 01 P 03 P 13 , P 02 P 03 P 23 , P 01 P 02 P 12 , P 12 P 13 P 23 of respective equations
passing each through three double points and the lines P 03 P 04 , P 01 P 04 , P 02 P 04 of respective equations
passing each through two double points, lie on the surface. We shall complete the generators of N S(Y 10 ) with the infinite section Σ. 
The Weierstrass model E
In this model, we find with Pari the torsion points
.
The infinite section Σ was found by Lecacheux [13] and is defined by the point
2 )(8s−1)(28s−5− √ −3)(41 √ −3−9)(2s−1)(5s−1)
Thus Σ is defined over Q( √ −3).
4.3.
The Néron's model over s = 0. Using a transformation as in theorem 3, we obtain the Néron-Weierstrass model E s over s = 0 
In this model we have ν 0 = 0,ν 0 = −1 and the equation of the conic is
Thus all the rational components of the Néron's model over 0 are defined over Q and the point (−2 : 1 : 1) is on the conic. 
We find that the 6-torsion point s 6 corresponds in the E s model to the point (−s So, we obtain 5s 6 ∈ Θ 0,10 2s 6 ∈ Θ 0,4 3s 6 ∈ Θ 0,6 4s 6 ∈ Θ 0,8 (0) ∈ Θ 0,0 .
The exceptional divisors.
• The exceptional divisor (P 01 ) cuts Θ 0,2 at the same point as the torsion section (s 6 ).
• The exceptional divisor (P 13 ) cuts Θ 0,4 at the same point as the torsion section (2s 6 ).
• The exceptional divisor (P 03 ) cuts Θ 0,6 at the same point as the torsion section (3s 6 ).
• The exceptional divisor (P 23 ) cuts Θ 0,8 at the same point as the torsion section (4s 6 ).
• The exceptional divisor (P 02 ) cuts Θ 0,10 at the same point as the torsion section (5s 6 ).
• The exceptional divisor (P 12 ) cuts Θ 0,0 at the same point as the torsion section (0). Thus the exceptional divisors are exactly the torsion sections.
The Néron's model over s = ∞.
In that case, we put s = 1/σ; so we get the projective cubic C σ (x + y)(x + z)(y + z) + (σ 2 − 10σ + 1)xyz = 0. Now, using the change variables
we obtain the E σ -model.
And, by the change variables
We have the relations
In this model we get ν 0 = (−9 + 3 √ −3)/2,ν 0 = (−9 − 3 √ −3)/2 and the equation of the conic is Thus the infinite section Σ cuts Θ ∞,0 .
The infinite section Σ. The section Σ cuts E σ at
X ′ = − 1 432 (σ − 5) 2 (σ − 2) 2 (σ − 8) 2 Y ′ = 1 15552 √ −3(σ 3 +σ
Torsion sections. In the
, there are two 6-torsion sections s 6 = (10σ − σ 2 : (10σ − σ 2 )(σ 2 − 10σ + 1) : 1), 5s 6 = (10σ − σ 2 : 0 : 1), two 3-torsion sections 4s 6 = (1 : 0 : 1), 2s 6 = (1 : σ 2 − 10σ + 1 : 1), one 2-torsion section 3s 6 = (0 : 0 : 1) and the zero section (0) = (0 : 1 : 0). We find that the 6-torsion point s 6 corresponds in the E σ model to the point • The exceptional divisor (P 13 ) cuts Θ ∞,0 at the point (3(20σ −3), −27(10σ − 1), −1) (−9, 27, 0) × (−9, 27, 0).
• The exceptional divisor (P 23 ) cuts Θ ∞,0 at the point (3(20σ − 3), 27(σ 2 − 20σ + 2, −1) (−9, 54, 0) × (−9, 54, 0).
• The exceptional divisor (P 12 ) cuts Θ ∞,0 at the same point as the torsion section (0).
• The exceptional divisors (P 01 ) cuts Θ ∞,1 at the point (−3σ(3σ−10), 27σ 2 , 1) (30, 0, 1) × (30, 0, 0), the same point as 5s 6 .
• The exceptional divisors (P 02 ) cuts Θ ∞,1 at the point (−3σ(3σ−10), 27σ(−10+ 102σ − 20σ 2 + σ 3 ), 1) (30, −270, 1) × (30, −270, 0), the same point at s 6 .
• The exceptional divisors (P 03 ) cuts Θ ∞,1 at the point (−60σ, 270σ, 1) (−60, 270, 1) × (−60, 270, 0), the same point as 3s 6 .
4.5.
The singular fiber I 3 over s = α. The rational components are the following • Θ α,0 is the line defined by (x + y = 0, t = αz).
• Θ α,1 is the line defined by (y + z = 0, t = αx).
• Θ α,2 is the line defined by (x + z = 0, t = αy).
These components are defined over Q( √ 6).
• The section (s 6 ) cuts Θ α,1 .
• The section (2s 6 ) and the exceptional divisor(P 13 ) cut Θ α,2 at the same point.
• The section (3s 6 ) cuts Θ α,0 .
• The section (4s 6 ) and the exceptional divisor (P 23 ) cut Θ α,1 at the same point.
• The section (5s 6 ) cuts Θ α,2 .
• The section (0) and the exceptional divisor (P 12 ) cut Θ α,0 at the same point. The infinite section Σ gives a point (x : y : z) on C s satisfying
thus cuts Θ α,0 .
4.6. The singular fiber I 3 over s = β. The rational components are the following • Θ β,0 is the line defined by (x + y = 0, t = βz).
• Θ β,1 is the line defined by (y + z = 0, t = βx).
• Θ β,2 is the line defined by (x + z = 0, t = βy).
• The section (s 6 ) cuts Θ β,1 .
• The section (2s 6 ) and the exceptional divisor(P 13 ) cut Θ β,2 at the same point.
• The section (3s 6 ) cuts Θ β,0 .
• The section (4s 6 ) and the exceptional divisor (P 23 ) cut Θ β,1 at the same point.
• The section (5s 6 ) cuts Θ β,2 .
• The section (0) and the exceptional divisor (P 12 ) cut Θ β,0 at the same point.
As previously, the infinite section Σ cuts Θ β,0 .
4.7.
The singular fiber I 2 over s = 1/10. The component Θ 1/10,0 is defined by x + y + z = 0 t = 0. The component Θ 1/10,1 is defined by x + y + z = 10t xy + xz + yz = 0. These two components are defined over Q. The section (2s 6 ) and the exceptional divisor(P 13 ) cut Θ 1/10,0 at the same point. The section (4s 6 ) and the exceptional divisor (P 23 ) cut Θ 1/10,0 at the same point. The section (0) and the exceptional divisor (P 12 ) cut Θ 1/10,0 at the same point. The sections (s 6 ), (3s 6 ) and (5s 6 ) cut Θ 1/10,1 . The infinite section Σ gives a point (x : y : z) on C s satisfying
thus cuts Θ 1/10,0 .
The Gram matrix of the Néron-Severi lattice.
We shall see that the Néron-Severi lattice is generated by
Moreover the only relation between these generators is computed to be
To get the intersection numbers of the divisors, we use the following result [25] . If D denotes a divisor on the surface V , with arithmetic genus p a (D), then
Moreover if the surface V is K3, the class K of the canonical bundle is 0. First we express the intersection matrix of the divisors in the following order 
This matrix has determinant −6 2 × 72. Then we prove the following lemma.
Lemma 1. The Néron-Severi group N S(Y 10 ) is generated by the classes of the following divisors:
The only relation between these classes is:
The determinant of the Picard lattice is equal to −72.
Proof. Let Λ be the lattice generated by the classes of the divisors given in the lemma and Λ ′ the sublattice generated by the same divisors minus (s 6 ). From the computation above det Λ ′ = −6 2 × 72.
But the only relation between these classes is the one given previously. So Λ ′ has index 6 in Λ. Now either Λ is the full Néron-Severi lattice or is of index 3 in it. In the latter case, there would be an element of (Σ) + k(s 6 ), k = 0, ..., 5 which is 3-divisible in N S(Y 10 ). But taking the restrictions to the fibers over 0 and ∞ rules out that possibility for k ≥ 1. If Σ = 3Q, then either 
Computing its Gram matrix, we find
Gram(e Finally, {e
is a sublattice of T Y10 with Gram matrix
Gram(e 
4.9.
The reductions of Y 10 modulo 2 and 3. The reduction of Y 10 modulo 2 and 3 is singular. By abuse of notation, when talking of the reduction modulo 2 or 3, we mean its desingularization.
Theorem 6.
(1) The reduction of Y 10 modulo 2 has singular fibers of type I 12 , I 4 , IV * over respectively 0, ∞, 1. Over the fieldF 2 , it is a supersingular extremal elliptic K3-surface of discriminant −2 2 , hence of Artin invariant 1.
(2) The reduction of Y 10 modulo 3 has singular fibers of type I 12 over 0, I 6 over −1 and III over ∞ and 1.
Proof. 1) In characteristic 2, the discriminant is equal to s 12 (s − 1) 8 . So there are singular fibers over 0, ∞ and 1. Above 0, the Weierstrass model is
The change variables satisfying v(γ) = 12, v(β) = 8 > 6, v(µ) = 7 > 6 and v(ᾱ) = v(λ 2 + 4α) = 0. Thus, by Néron's classification, it is an I 12 fiber, defined over
Above ∞, setting s = 1/σ, the Weierstrass model is
The change variables
Above 1, we set s + 1 = S and the Weierstrass model is
Thus, by Néron's classification it is an IV * fiber, defined over F 4 since the reduced cycle A Z 2 ) = 0. Moreover, ρ = 2 + 11 + 3 + 6 = 22, so the K3-surface is supersingular and extremal since it has a finite Mordell-Weil group. It fits Ito's table [12] . 2) In characteristic 3, the discriminant is equal to s 12 (s − 1) 3 (s − 2) 6 . So there are singular fibers over 0, ∞, 1 and 2. Above 0, the Néron's model is the reduction modulo 3 of the Néron's model over C
satisfying v(γ) = 12, v(β) = 7 > 6, v(µ) = 8 > 6 and v(ᾱ) = v(λ 2 + 4α) = 0. Thus, by Néron's classification, it is an I 12 fiber, defined over
satisfying v(β) = 1 and v(γ) ≥ 2. Thus, by Néron's classification it is an III fiber.
Above 1, we set s − 1 = S and the Weierstrass model is
Thus, by Néron's classification, it is an III fiber.
Above −1, we set s + 1 = S and the Weierstrass model is
The change variables 4.10. The L-series. If X denotes a K3 hypersurface, the L * -series of X is defined by
where the product is taken over the p of good reduction. Giving a suitable value to the local factors corresponding to the bad primes, the L-series of the surface X can be expressed in terms of the Mellin transform of a modular form. Let us recall the formula
with P 2 (T ) ∈ Z[T ] of degree 22 and P 2 (0) = 1.
Lemma 3. For Y 10 and p = 2, p = 3, p ) = −1, Σ is not defined on F p . Therefore, Θ α,i , Θ β,i , i = 1, 2, Σ and its conjugate generate a space of dimension 6 invariant by the Frobenius F p . In this subspace, we have det(1−tF p ) = (1−p 2 t 2 ) 3 . In its orthogonal space of dimension 14 (for the intersection form) in the Néron-Severi lattice, the action of the Frobenius is the multiplication by p, since there is a base of cycles defined over the base field.
, then the number N q of F q -rational points of X for q = p r is given by the formula
Now we deduce, from lemma 3, the following corollary. In fact, A q is the trace of the Frobenius for the corresponding Galois representation. The formula of the corollary is nothing else than the Lefschetz fixed point formula.
Corollary 1. Let p = 2, 3.
The computation of N q will finally give A q and the L-series.
Lemma 4. Let q = p r and p = 2, 3. We have the following congruences,
Proof. Let us define
The K3 hypersurface Y 10 is obtained from Y by blowing up the 7 double points P 01 , P 02 , P 03 , P 04 , P 12 , P 13 , P 23 .
Let P(Y ′ ) the projective variety corresponding to
First we count the points in Y 10 with at least one zero coordinate. We get:
• q − 2 points with only one zero coordinate of the form (x : y : z : 0) with x + y + z = 0, • 6(q − 1) points with only two zero coordinates (without intersection points) on the double lines (t = 0, x = 0), (t = 0, y = 0), (t = 0, z = 0), • 3(q − 1) points with only two zero coordinates (without intersection points) on the lines (x = 0, y = 0), (x = 0, z = 0), (y = 0, z = 0), • 4 points with three zero coordinates P 01 , P 02 , P 03 , P 04 , • 3 points P 01 , P 02 , P 03 , the intersection points of the double lines, • 10q points coming from the blowing up of the 7 double points and P 01 , P 02 and P 03 . So we find 20q − 4 points with at least one zero coordinate and Thus N 1 ≡ 0 (8). Suppose z = 1. Then x + 1/x + y + 1/y = 8.
• If x = y and x = 1/y, we get the points (x : y : 1 : 1) (1/x : y : 1 : 1) (x : 1/y : 1 : 1) (1/x : 1/y : 1 : 1) together with their 6 permuted. So this number is ≡ 0 (8).
• If x = y or x = 1/y, then x + 1/x = 4. So if ( • If x = y and x = 1/y, we get the points together with their 6 permuted. So this number is ≡ 0 (8).
• If x = y or x = 1/y, then x + 1/x = 6. So if ( Now, with a good choice of local factors for p = 2, p = 3, this achieves the proof of theorem 1 1).
Proof of theorem 1 2). Denote as in [4]
D jτ = (mjτ + κ)(mjτ + κ). 
